(Received 1 November 1963)
The classical crystallographic equations used in deducing structure from peak positions, peak widths, and integrated intensities of x-ray scattering are facile enough, but they involve assumptions that are not valid for extremely small crystallites. An alternate approach more generally valid is to use the Debye interference function. These two different approaches have been compared, using as examples a diamond crystallite containing three unit cells on a side ('"'-'10.7 A) and one containing ten unit cells on a side (",35 A).
A DVANCES in experimental x-ray diffraction techniques make possible the study of the structure of ultrafine crystallites or crystalline regions, and interest in this field is increasing. The classical crystallographic equations used in deducing structure from peak positions, peak widths, and integrated intensities in x-ray diffraction patterns are facile, but they involve a lattice sum technique which becomes questionable as the number of unit cells in the crystallite approaches one. An alternate approach more generally valid is to use the Debye interference function. However, the calculation of the Debye interference function becomes laborious when the number of atoms in the crystallite is large (in thousands). Therefore it is desirable to obtain information about the lower limit of crystallite size to which the classical crystallographic equations can safely be applied. The information sought can be obtained numerically by comparing the results of diffraction intensity distributions calculated by these two different approaches. Although such comparisons have been made for peak positions and peak widths for facecentered cubic structures l and for aromatic molecules,2 the calculations have not been extended to integrated intensities which are important in structure studies.
If absorption effects are neglected, the intensity of x-rays scattered coherentlYaby a crystallite is generally expressed as
where 1 e is the intensity of scattering by an electron, (FF any arbitrary origin and the summation is carried out over all of the atoms in the crystallite. When the assemblage assumes all possible orientations with respect to the primary beam with equal probability, the average value of (DD*) takes the form N N (DD*) = I: I: fpfq(sin27rsrpq/27rsrpq).
Equation (8) is the Debye interference function. s For a crystallite containing one kind of atom, Eq. (8) can be written in a more convenient form, and its substitution into Eq. (6) yields
where i(s) is the Debye interference function per atom and
In Eq. (10) 11; is the number of interatomic distances of magnitude ri, ni being counted twice between any two atoms. This equation has been used in computing scattering intensities of molecules containing only a few atoms, the maximum number in one case being 359.
1
This equation gives the average profiles of diffraction peaks in absolute units. In comparing the peak locations and peak widths obtained from Laue and Scherrer equations, respectively, with those obtainable from the Debye inte:ference function, i(s), not (I), should be plotted agamst s. As examples we have calculated i(s) for a cube of diamond crystallite having three unit cells on an edge (216 atoms) and one having ten unit cells on an edge (8000 atoms). The interatomic distances and the exact number of like distances were computed by two procedures. One procedure involved calculation of interatomic distances in a unit cell and summing over unit cells. In the second procedure the projections of the a~oms on the (00l) planes were considered. Four equidIstant layer sequences parallel to (001) planes describe the positions of all atoms in the crystallite. For a spherical model t~e estimates of ni can be obtained by a procedure outlmed by Germer and White.
1 However to avoid any uncertainties that may be associated ~ith estimates, the exact numbers have been obtained. Calculations yielded-S8~different interatomic distances (excl~sive of the zero distance) for the crystallite having 27 umt cells and 790 for the one having 1000 unit cells. The i(s) function was computed using an IBM-704 computer. A general survey calculation was made over the range s=0.00-2.00 at increments Lls=O.Ol and detailed calculations were made at increments ds=O.OOl to cover each of the first eight peaks and over the region 0.000< s <0.020. The tetrahedral C-C bond distance was taken as 1.544426 A.
The plots of i(s) are shown in Fig. 1 . All of the peaks 5 P. Debye, Ann. Physik 46, 809 (1915).
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:5 2 I seen correspond to normal crystalline reflections except the ripples at low s values which arise from the highly symmetrical shape of the model (i.e., from the transform of the shape). It is readily seen that the intensities belonging to the small crystallite (top curve) are not very sharp and some of the peaks remain unresolved. For the large crystallite the peak positions and linewidths of the first eight reflections, obtained from a separate enlarged plot of each reflection, are shown in Table I . Included in the table are also peak breadths calculated using the Scherrer equation with K being taken as 0.89.
Or-~~~--~~----~--------------
6 The nominal si~es of the crystallites are 3a and lOa, where a=3.5667 A, the side of the unit cell; therefore according to the Scherrer equation, iJ=0.89/10.7=0.0832 A-I and iJ=O.89/35.667 =0.02495 A-I for the small and the large crystallites, respectively. It is seen that the peak 
positions agree well with those calculated using the Laue equations; however, the Scherrer equation predicts the peak breadth accurately for the large crystalite only. The information about the arrangement of atoms in the unit cell is deduced from (FF*). At the peak maximum (GG*) assumes the value of M2, M being the total number of unit cells in the crystallite. Thus, theoretically (FF*) =1 max/l eM2. For experimental reasons 1 max cannot generally be obtained, and equations have been developed for integrated intensities which are measurable. If a crystallite assumes all possible orientations relative to the primary beam with equal probability, the Darwin equation 7 relating the total scattered intensity for a given reflection, sometimes termed the power of the reflection, to the crystallite and unit cell dimensions takes the form
where m is the multiplicity of the (hkl) considered, N is the total number of the atoms in the crystal, v is the volume of the unit cell, and n is the number of atoms in it. Equation (11) is applicable for randomly oriented powdered crystals except at small angles. The applicability of Eq. (11) can be determined by computing numerically the integrated intensities from the i(s) function. The total scattered intensity P can be expressed as Comparison of Eq. (13) with (11) yields (14) where F 0 2 = (FF*)/ j2 and is sometimes called the geometric structure factor.
Integrated areas under the diffraction peaks can be obtained graphically or numerically from the plot of i(s) vs s. From Fig. 1 it is seen that the intensities do 
where (hkl) are either all odd or all even. It is seen that maximum deviations (about 6%) are encountered with the (400) and (440) reflections . ..,:The latter are the two smallest of the first eight peaks and the background intensity apparently had the greatest effect on their integrated areas. The agreement obtained with other reflections is good. It appears that the Laue equations predict satisfactorily the peak positions of x-ray diffraction from crystallites as small as 10 A in size (about 200 atoms).
The Scherrer equation for the peak breadth is fairly accurate for crystallite sizes to 30 A. It is also evident that if the crystallite size becomes about 35 A, the intensities obtaine((experimental or theoretical) will not fall to zero between the diffraction peaks, and the smaller the crystallite size the greater the error will be in the integrated intensities. The calculations made here should permit a better understanding of the relationships that exist between the various crystallographic parameters and give an idea about the lower limit of crystallite size to which the classical crystallographic equations can be applied safely.
